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Abstract
We give a complete classification of isomorphism classes of all SU(2)-equivariant holomorphic Her-
mitian vector bundles on CP1. We construct a canonical bijective correspondence between the isomorphism
classes of SU(2)-equivariant holomorphic Hermitian vector bundles on CP1 and the isomorphism classes
of pairs ({Hn}n∈Z, T ), where eachHn is a finite dimensional Hilbert space withHn = 0 for all but finitely
many n, and T is a linear operator on the direct sum
⊕
n∈ZHn such that T (Hn) ⊂Hn+2 for all n.
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1. Introduction
Let E be a holomorphic vector bundle over the complex projective line CP1. A theorem due
to Grothendieck says that E decomposes holomorphically into a direct sum of holomorphic line
bundles (see [3]). The holomorphic line bundles over CP1 are classified by their first Chern class.
More precisely, let L :=OCP1(−1) be the tautological line bundle over CP1 of degree −1. Any
nontrivial holomorphic line bundle over CP1 is of the form L⊗n or (L∗)⊗n, where n is a positive
integer and L∗ is the dual line bundle. In other words, the isomorphism classes of holomorphic
line bundles over CP1 are parametrized by Z.
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holomorphic vector bundle E over CP1, the action of SU(2) on CP1 lifts to an action SU(2)
on E.
Our aim here is to investigate the holomorphic Hermitian vector bundles on CP1 equipped
with a lift of the action of SU(2).
Let E be a holomorphic vector bundle on CP1 equipped with a Hermitian structure h.
A SU(2)-equivariant structure on (E,h) is a lift of the action of SU(2) on CP1 to the total
space of E as vector bundle automorphisms preserving the Hermitian metric h that are compat-
ible with the holomorphic structure of E. A SU(2)-equivariant holomorphic Hermitian vector
bundle on CP1 is a holomorphic Hermitian vector bundle equipped with a SU(2)-equivariant
structure. (See Definition 2.2 for more details.)
Unlike the case of just holomorphic vector bundles on CP1, if we consider SU(2)-equivariant
holomorphic Hermitian vector bundles on CP1, then there are continuous families of such bun-
dles where all the SU(2)-equivariant holomorphic Hermitian vector bundles occurring in the
family are distinct.
We classify the isomorphism classes of SU(2)-equivariant holomorphic Hermitian vector bun-
dles on CP1. The following theorem describes the classification (see Theorem 3.2).
Theorem 1.1. There is a canonical bijective correspondence between the isomorphism classes of
SU(2)-equivariant holomorphic Hermitian vector bundles on CP1 and the isomorphism classes
of pairs ({Hn}n∈Z, T ), where
• each Hn is a finite dimensional Hilbert space, and Hn = 0 for all but finitely many n, and
• T is a linear operator on the direct sum⊕n∈ZHn satisfying the condition
T (Hn) ⊂Hn+2
for all n ∈ Z.
In [1], holomorphic vector bundles equipped with an action of a group are investigated.
2. SU(2)-equivariant holomorphic Hermitian vector bundles on CP1
Let CP1 be the projective line parameterizing all one-dimensional linear subspaces of C2. The
standard action of the special unitary group SU(2) on C2 induces an action of SU(2) on CP1.
Let
f : SU(2) −→ Aut(CP1) (2.1)
be the map giving this action of SU(2) on CP1. We note that f (U) is a holomorphic automor-
phism of CP1 for all U ∈ SU(2).
There is a natural projection C2 \ {0} −→ CP1 that sends any nonzero vector to the line
generated by it. The restriction of the (1,1)-form
ω0 := dx ∧ dx + dy ∧ dy|x|2 + |y|2
on C2 \ {0} to the orthogonal direction of the radial vectors descends to a positive (1,1)-form
on CP1. Let
ω ∈ C∞(CP1;Ω1,11
) (2.2)CP
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the action of SU(2) on CP1 is transitive, if a differential form ω′ on CP1 of (1,1)-type is left
invariant by the action of SU(2), then
ω′ = c · ω
for some c ∈ C.
Definition 2.1. A holomorphic Hermitian vector bundle (E,h) on CP1 is called SU(2)-
homogeneous if for each U ∈ SU(2), the pulled back holomorphic Hermitian vector bundle
(f (U)∗E,f (U)∗h) is holomorphically isometric to (E,h), where f is the homomorphism in
Eq. (2.1).
Two SU(2)-homogeneous vector bundles (E,h) and (E′, h′) are called isomorphic if there is
a holomorphic isomorphism E −→ E′ that takes h to h′.
Definition 2.2. A SU(2)-equivariant holomorphic Hermitian vector bundle on CP1 is a triple
(E,h;ρ), where
• E p−→ CP1 is a holomorphic vector bundle on CP1,
• h is a Hermitian structure on E, and
• ρ is an action of SU(2) on the total space of E
ρ : SU(2) × E −→ E (2.3)
satisfying the following two conditions:
(1) p ◦ρ((U,v)) = f (U)(p(v)) for all (U, v) ∈ SU(2)×E, where f is the homomorphism
in Eq. (2.1) and p is the above projection of E to CP1, and
(2) for each U ∈ SU(2), the action of U on E is a holomorphic isometry of the pulled back
holomorphic Hermitian vector bundle (f (U−1)∗E,f (U−1)∗h) with (E,h).
Two SU(2)-equivariant holomorphic Hermitian vector bundles (E,h;ρ) and (E′, h′;ρ′) are
called isomorphic if there is a holomorphic isometry E −→ E′ that intertwines the two actions
ρ and ρ′ of SU(2).
A SU(2)-equivariant holomorphic Hermitian vector bundle on CP1 is evidently SU(2)-
homogeneous. The following lemma shows that a version of the converse holds.
Lemma 2.3. Let (E,h) be a SU(2)-homogeneous holomorphic Hermitian vector bundle on CP1.
Then E admits an action ρ of SU(2) such that the triple (E,h;ρ) is a SU(2)-equivariant holo-
morphic Hermitian vector bundle.
Proof. For any U ∈ SU(2), let T (U) denote the space of all holomorphic isometries of the
holomorphic Hermitian vector bundle (f (U−1)∗E,f (U−1)∗h) with (E,h), where f is the ho-
momorphism in Eq. (2.1). The union
UE :=
⋃
U∈SU(2)
T (U) (2.4)
has a natural structure of a finite dimensional Lie group. The group operation is defined as fol-
lows: for A ∈ T (U) and A′ ∈ T (U ′),
AA′ = A ◦ A′ ∈ T (UU ′)
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h :UE −→ SU(2) (2.5)
from the group UE in Eq. (2.4) that sends any A ∈ T (U) to U is surjective. Therefore, we have
a short exact sequence of groups
e −→ Aut((E,h))−→ UE h−→ SU(2) −→ e, (2.6)
where h is constructed in Eq. (2.5), and Aut((E,h)) is the group of all holomorphic isometries
of the holomorphic Hermitian vector bundle (E,h).
The Lie algebra of UE (respectively, Aut((E,h))) will be denoted by g (respectively, g0). Let
0 −→ g0 −→ g h
′−→ su(2) −→ e (2.7)
be the short exact sequence of Lie algebras associated to Eq. (2.6).
The Lie algebra su(2) of SU(2) is simple. Hence the homomorphism h′ in Eq. (2.7) splits (see
[2, p. 91, Corollaire 3]). In other words, there is Lie algebra homomorphism
h′′ : su(2) −→ g (2.8)
such that h′ ◦ h′′ = Idsu(2). Fix a splitting h′′ as in Eq. (2.8).
Since the Lie group SU(2) is simply connected, there is a unique homomorphism of Lie
groups
ρ′ : SU(2) −→ UE
whose differential, at the identity element, is the homomorphism h′′ in Eq. (2.8). This homomor-
phism ρ′ defines an action of SU(2)
ρ : SU(2) × E −→ E (2.9)
on the total space of E. More precisely, the action of any U ∈ SU(2) on E defined by ρ coincides
with ρ′(U).
Now it is straight-forward to check that (E,h;ρ) is a SU(2)-equivariant holomorphic Her-
mitian vector bundle, where ρ is constructed in Eq. (2.9) (see the conditions on ρ in Eq. (2.3)).
This completes the proof of the lemma. 
For any point z ∈ CP1, let
Hz ⊂ SU(2) (2.10)
be the isotropy subgroup of z for the action of SU(2) on CP1. We note that Hz is canonically
identified with
U(1) = {λ ∈ C | |λ| = 1}.
The element in Hz corresponding to any λ ∈ U(1) is uniquely determined by the condition that
it acts as multiplication by λ on the line in C2 represented by z. Take any SU(2)-equivariant
holomorphic Hermitian vector bundle (E,h;ρ) on CP1. For any two points z, z′ ∈ CP1, the
action of Hz = U(1) on the fiber Ez given by ρ is a conjugate of the action of Hz′ on Ez′ . In
particular, if the action of any λ ∈ Hz = U(1) on Ez is multiplication by λn ∈ C∗, then the action
of λ, considered as an element of Hz′ , on Ez′ is also multiplication by λn.
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vector bundles on CP1 satisfying the following conditions:
• rank(E) = rank(E′), and
• there is an integer n0 such that for some (hence each) point z ∈ CP1, the actions of each
λ ∈ Hz = U(1) (defined in Eq. (2.10)) on both Ez and E′z is multiplication with λn0 .
Then the SU(2)-equivariant holomorphic Hermitian vector bundle (E,h;ρ) is isomorphic to
(E′, h′;ρ′).
Proof. Fix a base point z0 ∈ CP1. Fix a linear isometry
φ0 :Ez0 −→ E′z0 . (2.11)
For any U ∈ SU(2), let
φU0 :Ef (U)(z0) −→ E′f (U)(z0)
be the linear isometry obtained from the isometry φ0 in Eq. (2.11) using the actions of U on
E and E′, where f is defined in Eq. (2.1). From the second condition in the statement of the
proposition it follows immediately that φU0 = φU
′
0 if f (U) = f (U ′).
Therefore, all the isometries {φU0 }U∈SU(2) patch together to give a C∞ linear isometry
φ ∈ C∞(E∗ ⊗ E′) (2.12)
between smooth vector bundles which intertwines the actions of SU(2) on E and E′. In particu-
lar, the section φ is left invariant by the action of SU(2) on the vector bundle E∗ ⊗ E′.
The holomorphic structures on E and E′ together define a holomorphic structure on E∗ ⊗E′.
Let
∂E,E′ : C∞(E∗ ⊗ E′) −→ Ω0,1CP1(E∗ ⊗ E′)
be the corresponding Dolbeault operator. So we have
∂E,E′(φ) ∈ Ω0,1CP1(E∗ ⊗ E′), (2.13)
where φ is the section in Eq. (2.12). Since φ is left invariant by the action of SU(2) on E∗ ⊗E′,
we conclude that the (0,1)-form ∂E,E′(φ) with values in E∗ ⊗E′ (see Eq. (2.13)) is left invariant
by the action of SU(2) on the smooth vector bundle
(
T
0,1
CP1
)∗ ⊗ E∗ ⊗ E′
on CP1.
From the second condition in the statement of the proposition it follows immediately that the
isotropy subgroup Hz0 (see Eq. (2.10)) acts trivially on the fiber (E∗ ⊗E′)z0 . On the other hand,
the group Hz0 = U(1) acts on the fiber (T 0,1z0 )∗ as follows: any λ ∈ U(1) acts as multiplication
with 1/λ2. Since the section ∂E,E′(φ) in Eq. (2.13) is left invariant by the action of SU(2), in
particular, it is left invariant by the action of Hz0 , we now conclude that the section ∂E,E′(φ)
vanishes at z0. The section ∂E,E′(φ) being SU(2)-invariant it follows that ∂E,E′(φ) vanishes
identically. Consequently, the smooth isomorphism φ is holomorphic.
We already noted that φ takes the Hermitian metric h to h′, and it also intertwines the actions
of SU(2) on E and E′. Therefore, φ is an isomorphism between the two SU(2)-equivariant
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the proposition. 
Let L denote the tautological line bundle on CP1 whose fiber over any point z ∈ CP1 is the
line in C2 represented by z. So the degree of L is −1. Consider the standard inner product on C2
defined by
(a, b) −→ |a|2 + |b|2 (2.14)
which is left invariant by the standard action of SU(2). This inner product on C2 induces a
Hermitian structure on the tautological line bundle L because its fibers are subspaces of C2.
The action of SU(2) on C2 induces an action of SU(2) on L. Consequently, L has a canonical
structure of a SU(2)-equivariant holomorphic Hermitian line bundle. For any point z ∈ CP1,
the action of the isotropy subgroup Hz on the fiber Lz is the following: any λ ∈ U(1) acts as
multiplication with λ.
For any positive integer n, the tensor power L⊗n will be denoted by Ln, while L−n will
denote (L∗)⊗n. The Hermitian structure on L induces a Hermitian structure on L⊗j for all j ∈
Z \ {0}. Similarly, the action of SU(2) on L induces an action of SU(2) on L⊗j . Therefore,
L⊗j is a SU(2)-equivariant holomorphic Hermitian line bundle. Let L0 denote the trivial SU(2)-
equivariant holomorphic Hermitian line bundle on CP1. Therefore,
L0 = CP1 × C
is the trivial holomorphic line bundle equipped with the constant Hermitian structure, while
SU(2) acts diagonally on CP1 × C using the trivial action of SU(2) on C. In other words, the
constant sections of L0 are preserved by the action of SU(2).
It is easy to see that for any n ∈ Z and any z ∈ CP1, the action of the isotropy subgroup
Hz on the fiber Lnz is the following: any λ ∈ U(1) acts as multiplication with λn. Therefore,
Proposition 2.4 has the following corollary:
Corollary 2.5. Given any SU(2)-equivariant holomorphic Hermitian line bundle L′ on CP1,
there is a unique integer n0 such that L′ is isomorphic to the SU(2)-equivariant holomorphic
Hermitian line bundle Ln0 .
3. The second fundamental form
Let (E,h;ρ) be a SU(2)-equivariant holomorphic Hermitian vector bundle on CP1. For any
point z ∈ CP1, let
Ez =
r⊕
i=1
V zni (3.1)
be the isotypical decomposition of the fiber Ez for the action of Hz (see Eq. (2.10)) given by ρ. In
other words, any λ ∈ Hz = U(1) acts on the subspace V zni as multiplication by λni . The numerical
data {(ni,dimV zni )} is evidently independent of the choice of the point z. Therefore we have a
smooth decomposition of the vector bundle
E =
r⊕
Vni (3.2)
i=1
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′
ni
in
Eq. (3.1).
The action of SU(2) on E given by ρ clearly leaves the smooth subbundle Vni invariant
for each i ∈ [1, r]. Therefore, the smooth vector bundle Vni is equipped with an induced action
of SU(2). The Hermitian structure h on E induces a Hermitian structure on the smooth subbundle
Vni . This induced Hermitian structure on Vni will be denoted by hi . This Hermitian structure hi
is clearly preserved by the above induced action of SU(2) on it.
Let ∂E : E −→ (T 0,1
CP1
)∗ ⊗ E be the Dolbeault operator defining the holomorphic structure
of E. For each i ∈ [1, r], let
αi :Vni ↪→ E (3.3)
be the inclusion map and
βi :E −→ Vni (3.4)
the projection obtained from the decomposition in Eq. (3.2). It is easy to see that the composition
Vni
αi
↪→ E ∂E−→ (T 0,1
CP1
)∗ ⊗ E Id⊗βi−→ (T 0,1
CP1
)∗⊗Vni , (3.5)
which we will denote by ∂Vni , is a Dolbeault operator on Vni . Consequently, we get a holomor-
phic structure on the smooth vector bundle Vni . This holomorphic structure is clearly preserved
by the action of SU(2) on Vni .
Therefore, each (Vni , hi) is a SU(2)-equivariant holomorphic Hermitian vector bundle on
CP
1
. Now Proposition 2.4 has the following corollary:
Corollary 3.1. The SU(2)-equivariant holomorphic Hermitian vector bundle (Vni , hi) is iso-
morphic to the SU(2)-equivariant holomorphic Hermitian vector bundle (Lni )⊕ri , where ri =
rank(Vni ), and Lni is the SU(2)-equivariant line bundle in Corollary 2.5.
Take an ordered pair i, j ∈ [1, r] with i = j . Consider the composition
Vni
αi
↪→ E ∂E−→ (T 0,1
CP1
)∗ ⊗ E Id⊗βj−→ (T 0,1
CP1
)∗ ⊗ Vnj
as in Eq. (3.5), where αi and βj are constructed in Eqs. (3.3) and (3.4) respectively. This compo-
sition homomorphism will be denoted by Di,j . We note that
Di,j (f s) = f · Di,j (s)
for all smooth functions f on CP1 and all smooth sections s of Vni . So
Di,j ∈ Ω0,1(V ∗ni ⊗ Vnj ). (3.6)
From the construction of Di,j it is evident that the action of SU(2) on the smooth vector
bundle (T 0,1
CP1
)∗ ⊗ V ∗ni ⊗ Vnj leaves invariant the (0,1)-form Di,j with values in V ∗ni ⊗ Vnj .
Take any point z ∈ CP1. From the construction of the decomposition in Eq. (3.2) it follows
immediately that any λ ∈ Hz = U(1) acts on the fiber (V ∗ni ⊗ Vnj )z as multiplication by λnj−ni .
On the other hand, any λ ∈ Hz acts on the complex line (T 0,1z )∗ as multiplication with 1/λ2.
Consequently, the invariant section Di,j in Eq. (3.6) vanishes identically if nj − ni = 2.
We also note that if nj = ni + 2, then the action of Hz on the fiber (T 0,1z )∗ ⊗ (V ∗ni ⊗ Vnj )z is
trivial. Hence any vector in (T 0,1z )∗ ⊗ (V ∗ni ⊗ Vnj )z extends to a unique SU(2)-invariant smooth
section of (T 0,11)∗ ⊗ V ∗ ⊗ Vn over CP1.CP ni j
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ω constructed in Eq. (2.2). Since ω is left invariant by the action of SU(2) on CP1, it follows that
T 1,0CP1 is a SU(2)-homogeneous holomorphic Hermitian line bundle. For any point z ∈ CP1,
any λ ∈ Hz = U(1) acts on the tangent space T 1,0z CP1 as multiplication by 1/λ2. Therefore,
from Proposition 2.4 it follows that the SU(2)-equivariant holomorphic Hermitian line bundle
T 1,0CP1 is isomorphic to the SU(2)-equivariant holomorphic Hermitian line bundle L−2 (see
Corollary 2.5). Fix once and for all a holomorphically isometry
ϕ : L−2 −→ T 1,0CP1 (3.7)
that intertwines with the actions of SU(2) on L−2 and T 1,0CP1.
Any two holomorphic isometries between the two line bundles L−2 and T 1,0CP1 differ by
multiplication by an element of U(1). Therefore, any holomorphic isometry between L−2 and
T 1,0CP1 is automatically SU(2)-equivariant.
Theorem 3.2. There is a canonical bijective correspondence between the isomorphism classes of
SU(2)-equivariant holomorphic Hermitian vector bundles on CP1 and the isomorphism classes
of pairs ({Hn}n∈Z, T ), where
• each Hn is a finite dimensional Hilbert space, and Hn = 0 for all but finitely many n, and
• T is a linear operator on the direct sum⊕n∈ZHn satisfying the condition
T (Hn) ⊂Hn+2
for all n ∈ Z.
Proof. Take any pair ({Hn}n∈Z, T ) as in the statement of the theorem.
Consider the smooth vector bundle
E :=
⊕
n∈Z
(Ln ⊗C Hn
)
. (3.8)
The action of SU(2) on the line bundles Ln and the trivial action of SU(2) on the vector spaces
Hn together define an action of SU(2) on E. Also, the inner product on the Hilbert spaces Hn
and the Hermitian structure on the line bundles Ln together give a Hermitian structure on the
vector bundle E.
Using the holomorphic structure on the line bundles Ln we get a holomorphic structure on E.
Let
∂0E =
⊕
n∈Z
(∂Ln ⊗ IdHn) :E −→ Ω0,1(E)
be the corresponding Dolbeault operator, where ∂Ln is the Dolbeault operator on Ln. So ∂0E
preserves the decomposition in Eq. (3.8). Using ∂0E and the linear operator T , we will construct
a new holomorphic structure on E.
We note that Hom(Ln,Ln+2) = L−n ⊗ Ln+2 = L2. On the other hand, the dual ϕ∗ of the
isomorphism ϕ in Eq. (3.7) identifies L2 with the holomorphic cotangent bundle (T 1,0CP1)∗.
Therefore, the invariant Kähler form ω in Eq. (2.2) yields a smooth section of the smooth vector
bundle
(
T 0,1CP1
)∗ ⊗ (T 1,0CP1)∗ = (T 0,1CP1)∗ ⊗ Hom(Ln,Ln+2).
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σn :Ln −→
(
T 0,1CP1
)∗ ⊗Ln+2. (3.9)
Consider the smooth homomorphism
σ(T ) =
⊕
n∈Z
(
σn ⊗ T (n)
)
:E −→ (T 0,1CP1)∗ ⊗ E,
where T (n) :Hn −→Hn+2 is the restriction of T , and σn is constructed in Eq. (3.9). It is straight-
forward to check that this homomorphism σ(T ) intertwines the actions of SU(2) on E and
(T 0,1CP1)∗ ⊗ E.
Therefore, the new holomorphic structure
∂0E + σ(T ) :E −→ Ω0,1(E)
on E makes it a SU(2)-equivariant holomorphic Hermitian vector bundle.
For the converse direction, let (E,h;ρ) be a SU(2)-equivariant holomorphic Hermitian vector
bundle on CP1. Consider the decomposition of E constructed in Eq. (3.2). Each Vni is equipped
with the holomorphic structure ∂Vni constructed in Eq. (3.5), and it has the induced Hermitian
structure hi . In Corollary 3.1 we saw that the SU(2)-equivariant holomorphic Hermitian vector
bundle (Vni , hi) is isomorphic to the direct sum (Lni )⊕ri .
Let
Hni = H 0
(
CP
1,L−ni ⊗ Vni
) (3.10)
be the space of all global holomorphic sections on CP1. The actions of SU(2) on L−ni and Vni
together give an action of SU(2) on the finite dimensional vector space Hni in Eq. (3.10). For a
point z ∈ CP1, the action of the isotropy subgroup Hz on the fiber (L−ni ⊗Vni )z is trivial. Hence
from Proposition 2.4 it follows immediately that the SU(2)-equivariant holomorphic Hermitian
vector bundle L−ni ⊗ Vni is isomorphic to the trivial SU(2)-equivariant vector bundle of rank
rank(Vni ). In particular, the induced action of SU(2) on Hni is trivial.
Since the holomorphic vector bundle L−ni ⊗ Vni is trivializable, it follows that for any point
z ∈ CP1, the evaluation map
Hni −→
(L−ni ⊗ Vni
)
z
, (3.11)
that sends any section s to s(z), is an isomorphism. We equip Hni with the transport of the
Hermitian structure on the fiber (L−ni ⊗ Vni )z by this evaluation map.
For any U ∈ SU(2), we have the following commutative diagram of homomorphisms
Hni Id Hni
(L−ni ⊗ Vni )z U (L−ni ⊗ Vni )f (U)(z)
where the vertical maps are the evaluations as in Eq. (3.11), and f is the homomorphism in
Eq. (2.1). Therefore, the above defined inner product on Hni does not depend on the choice of
the point z.
Set Hn = 0 if n /∈ {n1, . . . , nr}; see Eq. (3.1). To construct the linear operator T , consider the
homomorphisms Di,j constructed in Eq. (3.6). Take i, j such that
nj − ni = 2.
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line bundle (T 0,1CP1)∗, and the isomorphism ϕ in Eq. (3.7) identifies T 1,0CP1 with L−2. Using
these, the SU(2)-invariant (0,1)-form Di,j with values in V ∗ni ⊗ Vnj becomes a SU(2)-invariant
section of L−2 ⊗ V ∗ni ⊗ Vnj . Therefore, the section Di,j gives a linear map
T (ni) :Hni −→Hnj =Hni+2.
Finally, let
T :
⊕
n∈Z
Hn −→
⊕
n∈Z
Hn
be the linear map that coincides with T (ni) on Hni for all i ∈ [1, r].
This construction of ({Hn}n∈Z, T ) from (E,h;ρ) is the inverse of the earlier construction of
(E,h;ρ) from ({Hn}, T ). This completes the proof of the theorem. 
Remark 3.3. The bijective correspondence in Theorem 3.2 does not depend on the choice of the
isometry ϕ in Eq. (3.7). If we start with a pair ({Hn}n∈Z, T ), the two constructions corresponding
to two distinct choices of ϕ give isomorphic SU(2)-equivariant holomorphic Hermitian vector
bundles. Conversely, if we start with a SU(2)-equivariant holomorphic Hermitian vector bundle
on CP1, the two pairs corresponding to two distinct choices of ϕ are also isomorphic.
Remark 3.4. Consider the trivial holomorphic Hermitian vector bundle
E0 = CP1 × C2
on CP1. On E0, there are two distinct actions of SU(2). The first action is the diagonal one
constructed using the standard action of SU(2) on C2. The second action is the diagonal one con-
structed using the trivial action of SU(2) on C2. So in the second case, E0 is the SU(2)-equivariant
vector bundle L⊕20 (see Corollary 2.5 for L0). For the SU(2)-equivariant vector bundle L⊕20 , the
data in Theorem 3.2 is as follows:
• Hn = 0 if n = 0, and H0 = C2, and
• T = 0.
On the other hand, for the first SU(2)-equivariant vector bundle constructed using the standard
action of SU(2) on C2, the data in Theorem 3.2 is as follows:
• Hn = 0 if n = ±1, and H−1 = C = H1, and
• T :H−1 −→ H1 is the identity map of C.
Remark 3.5. We will give an example of a 1-parameter family of holomorphic Hermitian SU(2)-
equivariant vector bundles of rank two. Let E = CP1 × C2 be the trivial holomorphic vector
bundle of rank two over CP1 equipped with the first action of SU(2) in Remark 3.4. (So SU(2)
acts diagonally on CP1 × C2 using the standard action of SU(2) on C2.) We will construct a
1-parameter family of Hermitian structures on E compatible with this action of SU(2) on E .
The vector bundle E has a C∞ decomposition into a direct sum of smooth line bundles
E = L⊕L⊥, (3.12)
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z, and the fiber of the subbundle
L⊥ ⊂ E
over z is the orthogonal complement of the line Lz ⊂ C2 with respect to the standard inner
product on C2 defined in Eq. (2.14). The Hermitian metric on L (respectively, L⊥) induced by
the standard inner product on C2 using the decomposition in Eq. (3.12) will be denoted by h
(respectively, h⊥).
For any θ ∈ R+, let
hθ = h ⊕ (θ · h⊥)
be the Hermitian metric on E = L⊕L⊥ (see Eq. (3.12)). It is easy to see that the Hermitian metric
hθ is preserved by the action of SU(2) on E . For θ, θ ′ ∈ R+ with θ = θ ′, it can be shown that
the two SU(2)-equivariant holomorphic Hermitian vector bundles (E, hθ ) and (E, hθ ′) are not
isomorphic. To prove this, first note that any automorphism of the holomorphic vector bundle E
is given by some element of GL(2,C). Therefore, any automorphism of the holomorphic vector
bundle E that commutes with the action of SU(2) must be a constant scalar multiplication. Hence
the two SU(2)-equivariant holomorphic Hermitian vector bundles (E, hθ ) and (E, hθ ′) are not
isomorphic whenever θ = θ ′.
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